Abstract-The asymmetry phenomenon observed during the load-loss test of three-phase transformers is rigorously analyzed. The transformer is represented as a three-port impedance network despite its six-port network nature, making any formal study more tractable. The analytical restrictions required for such a representation are derived. As a result, it is possible to mathematically prove (and understand) the asymmetrical behavior of a three-phase transformer subjected to the load-loss test. Only two circuit-field simulations or tests (single-phase load-loss tests) are required to obtain the impedance system of the six-winding transformer. A 3-D finite-element (FE) model of a transformer is used here to obtain its short-circuit impedances, exemplifying the use and extent of the analytical results. The eddy currents generated at the transformer tank and frame are properly taken into consideration. The short-circuit impedance model is validated with the 3-D FE model and with a six-port network approach that has been previously verified.
I. INTRODUCTION

I
NDUSTRIAL transformers are electrical devices displaying highly complex electromagnetic behavior, showing intriguing phenomena that attract the attention of researchers. One such phenomena is the asymmetry observed during the load-loss measurement test in three-phase three-limb transformers. Preliminary work has been presented in [1] , wherein magnetic circuit theory is used for explaining the phenomenon. However, the numerical model is not rigorously deduced from transformer geometry and material properties in a generalized way. Moreover, in order to obtain correct results, reluctances are adjusted to reproduce test results. Asymmetry has also been noticed for excitation magnetizing currents using topology based magnetic models [2] , but the phenomenon in the load-loss test was not addressed. Reference [3] was able to better explain the R. Escarela-Perez is with the Universidad Nacional Autonoma de Mexico, on leave from the Departamento de Energia, Universidad Autonoma Metropolitana, Azcapotzalco, C.P. 02200, Mexico (e-mail: r.escarela@ieee.org).
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Digital Object Identifier 10.1109/TPWRD.2008.923988 asymmetry phenomenon through sound physical reasoning but a generalization was not achieved. The circuit connections of the load-loss test for a delta-star connected transformer are schematically shown in Fig. 1 , when the high voltage (HV) star-connected windings are excited and the low voltage (LV) delta connected windings are short-circuited. The load-loss test is normally performed using the three wattmeter method that does not degrade readings at low power factors. Impedance voltage is normally applied at the excited terminals. "Common sense" dictates that equal current and power readings should be obtained. However, it is generally found that readings of the measurement apparatus are different for each phase. The magnetic flux is forced into leakage paths during the load-loss test, making tank and frame losses to be as large as 5 to 10% of total losses. The geometric disposition of transformer core, tank and frame exhibit asymmetry. As a result, these losses are frequently and naturally blamed for the asymmetric readings of currents and powers. However, it has been recently shown [3] that this asymmetry is mainly produced by the differences that exist between the mutual impedances of the transformer phases. The results presented there were based on calculations for a six-port network using impedances obtained from open-circuit conditions. Moreover, the discussion there was on the basis of a sound description of the physical phenomenon but without any mathematical rigorism. The work presented here goes two steps further by mathematically formulating (with the establishment of two theorems that are formally proved) the asymmetry behavior of power and current readings and by directly calculating the short-circuit impedances of a three-port network model. Only two single-phase load-loss tests are required to fully describe the electromagnetic behavior of the transformer during the three-phase load-loss test. The advantage of this impedance network representation is that the mathematical description becomes tractable and easier. Three-dimensional finite-element (FE) simulations are used to further unveil the asymmetry nature of the equivalent port impedances, which is the main cause of the asymmetry readings obtained during the three-phase load-loss test.
II. THREE-PHASE LOAD-LOSS TEST IMPEDANCES
The system of Fig. 1 can be represented in the frequency domain by the following system of complex equations:
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where
, and are the impedance voltages applied at the terminals of the transformer phase windings, while and are the measured currents. The subindexes and denote each HV phase, where the phase corresponds to the middle leg of a three-leg core-type transformer. The impedance matrix of (1) emphasizes the fact that impedances are made up of resistive ( and ) and reactive ( and ) components irrespective of self and mutual terms ( and ) . A mutual impedance is made up of a mutual reactance as well as a mutual resistance. Mutual reactances are directly related to the magnetic couplings between ports, whereas mutual resistances incorporate the presence of stray losses produced in the tank and frames of the transformer. Winding losses are accounted for by the self resistances that also include tank and frame loss information. Each matrix element can be represented by an impedance and . The impedance equation model (1) implicitly forces the short-circuit conditions at the nonvoltage fed windings (see next subsection).
A. Short-Circuit Equivalent Impedance Representation
A formal derivation of (1) , and ) are arbitrarily fed with voltages or currents, but the secondary windings are necessarily short-circuited. In this way, a simplified three-port network is obtained. Notice that linearity has been assumed, which is justified for several operating conditions such as those involving short-circuit conditions since the magnetic fluxes are forced into leakage/air paths and low excitation levels are involved.
The impedance elements of the equivalent system (1) can be individually obtained as (4) and where is as in (2), when and are equal, the negative sign is changed to positive. As a result, the equivalent short-circuit impedances can be obtained experimentally or with advanced numerical methods such as the FE method [4] .
The negative signs in (1) can be explained with (4). The magnetic flux generated by the feeding/impedance voltage source, when all the LV (inner) windings are short-circuited and just one HV/outer winding is fed with impedance voltage (remaining HV windings open), is expelled from the excited leg [5] , forcing the flux to circulate into the gap between the outer and inner windings (air channel) and into the transformer yoke. The yoke magnetic flux tries to circulate into the core legs of the open-circuited HV windings. However, the inner LV windings are shortcircuited, repelling again this magnetic flux from the legs, which in turn is pushed into the air channels. These fluxes are responsible for inducing voltages in the open-circuited HV windings. These induced voltages are nearly 180 out of phase with respect to the source voltage because the current in the HV excited winding is nearly 90 behind the impedance voltage. The "nearly" word means here that the phenomenon is totally inductive if the resistive effects are neglected. As a result, the transformer magnetic flux is in phase with the current and the induced voltages in the open-circuited windings are another 90 behind this current by Lenz's law. The mutual terms of the impedance matrix are calculated according to (4) as the induced voltage divided by the current in the feeding leg, and thus have an angle of . This explains the negative signs in the mutual terms of the impedance matrix. The resistive effects of the transformer windings, tank and frame disrupt the exact 90 and 180 relationships just described but their impact is not large (see, for instance, the numerical results in Section V).
III. POWER AND CURRENT RELATIONSHIPS
This subsection is devoted to determining closed form relationships for the currents and powers of each phase during the load-loss test. The following hypotheses are assumed.
Postulate 1: Each admittance matrix term that results from inverting the impedance matrix of (3) can be written as the difference between a conductance and times a susceptance . This is true if and .
Postulate 2:
and .
Postulate 3:
The difference between susceptance terms is much larger than the conductive ones:
, excluding and . It is useful to precisely quantify the meaning of the inequality symbols. Consider two variables:
. Thus, it will be considered in this work that (5) The postulates reflect physical facts of three-phase distribution (and larger) transformers. The following result is useful to state the two theorems of this work.
Lemma 1:
The mutual impedances of a linear system are always reciprocal, that is, . Lemma 1 permits to state that the inverse of the impedance matrix of (3) is symmetric. It is to be noticed that "reciprocity" in Lemma 1 is referred to as in conventional linear network theory and should be distinguished from "nonreciprocal" test definitions as in [2] . The following theorem states structural relationships for the phase powers during load test conditions. In particular, it backs up analytically an order relationship that has been found in experimental conditions [1] , [3] .
Theorem 1: The readings of phase powers of a three-phase three-limb transformer with star connected primary subjected to a three-phase load-loss test are always different, with , if postulates 1 to 3 are fulfilled and if the primary winding is fed with impedance voltage.
The following analytical theorem establishes a general order relationship for the current readings.
Theorem 2: The RMS current readings obtained during a three-phase load loss test are slightly different, with , if postulates 1 to 3 are fulfilled and if the star connected winding is fed with impedance voltage.
It should be stressed here that the above mathematical results should be seen as a guideline to obtain better insights into the behavior of transformers under load tests.
A. Implications of the Hypotheses
Before proceeding to prove the theorems described above, it is useful to discuss the physical implications of the postulates. Postulate 1 specifies that the diagonal reactive terms of are dominant. That is, the reactive terms of the diagonal elements are larger than any of the resistive or reactive terms of the mutual elements and any of the self-resistive terms. The significance of this hypothesis is that the system of HV currents and voltages can be written as (6) with and . To prove the hypothesis, let the impedance matrix in (1) be expressed as
It can be observed that the impedance matrix explicitly assumes that and . This is an actual fact that comes from the (geometrical) symmetry of a three-leg core-type transformer: the application of (4) must give the same results at either of the outer legs of the transformer (see Section V for further details). The admittance matrix is given by (8) as shown at the bottom of the page.
As a result, the admittance matrix can be approximated as
The diagonal terms have an angle which can be located in the interval because the angle of the self impedances is located in , according to postulate 1. As a result, the diagonal terms can be written as with and . The angle of the admittance matrix term is given by 180
, according also to postulate 1. Hence, with and . The same reasoning applies for the entry which can be written as with and . Thus, (6) acquires validity and postulate 2 is also justified.
(It is very important to emphasize here that the calculation of the admittance matrix is always performed using (8) . The approximate matrix (9) has only been used to show the angle intervals of the admittance matrix entries. In other words, the admittance matrix of (6) is exactly obtained from (8).) Postulate 3 simply indicates that the asymmetry phenomenon is much stronger on the susceptance side and on the mutual terms, a fact that has been corroborated by the FE simulations. These postulates also assume that the transformer is perfectly symmetric with respect to the middle leg. where is equivalent to and so on. It should be noted that (17) implies that and are numbers slightly greater than zero. The expressions of (16) have been arranged in such a way that strictly adding terms have been collected in the first "big" parenthesis (denoted as ) whereas subtracting terms have been gathered in the second "big" parenthesis . The evaluation of and leads to strictly positive real numbers. In other words, the difference between and supplies the sought sign. Let the first equation of (16) Finally, let be analyzed. This quantity is always positive since (18) has been shown to be true. As a result, it has been found that . This concludes the proof. As an interesting remark, notice that is possible by making and .
B. Proofs of Theorems
This condition also produces equal powers in the three phases. However, asymmetry in the admittances is always present, making impossible the equal current magnitude condition.
IV. 3-D FE MODEL
The analytical results described in the above section will guide, through the order relationships, the interpretation of results obtained from numerical simulations. Modeling of low frequency electromagnetic devices by FE analysis is accepted as one of the most powerful techniques for accurate representation since geometry and materials are properly taken into consideration.
A. Low-Frequency Electromagnetic Problems
The form of Maxwell's equations that defines the 3-D lowfrequency eddy current problem, in terms of the magnetic field intensity , the magnetic field density , the electric field strength and the current density , can be summarized for a 3-D region as follows: (23) where are the permeability and conductivity, respectively. The boundary conditions for the vector fields at material interfaces are readily established from (23). The solution of Maxwell's equations is normally facilitated using scalar and vector potential functions instead of the electromagnetic fields.
B. 3-D Scalar Model
Since unsaturated operation of the transformer is assumed in this work, it is possible to go from the time domain to frequency domain. As a result only a single 3-D solution is required for each frequency. Moreover, if the skin depth is smaller than the massive conductor dimensions, it is possible to replace the volume region by a surface boundary condition that accounts for the presence of these conductor regions. The practical implementation of this approach is to relate the tangential component of the magnetic field intensity with the electric field at the eddy-current region surface [6] . Hence, the resultant electromagnetic problem can be established in terms of the reduced scalar potential and the magnetic field (created by in the absence of matter) as follows: (24) In highly permeable matter the magnetic field density is very small , making . As a result, the difference can become numerically inaccurate very easily. This problem is alleviated by using a total scalar potential in current-free regions, such that (25) The set of (25) is a special case of (24) with . In other words, the total scalar potential can only be defined in regions where . However, it is possible to couple them by forcing interface boundary conditions, allowing the representation of noncurrent free regions while at the same time, avoiding serious round-off errors. Special consideration must be given for multiply-connected regions by using electric and magnetic cuts [7] , [8] . The circuit-field problem is solved with the direct aid of Faraday's law. Several papers show specific implementations that couple circuit equations with 3-D filamentary coils [9] , [10] .
V. NUMERICAL RESULTS
The solution of (24) and (25) is numerically obtained through the FE method [4] . The method basically consists of 1) discretization of the volume region into small finite elements where electromagnetic variables are normally approximated by polynomials, 2) solution of simultaneous equations, which are established from variational or projective approximations [4] , and 3) post-processing of results. The FE solution of (24) and (25) along with circuit coupling and surface impedance boundary conditions has been coded in Flux 3-D [11] .
A three-phase, 31.5 MVA, 132/33 kV, star-delta transformer is considered in this work. The transformer is designed to connect its HV windings in star, while its LV windings are connected in delta. Windings are concentrically wound around the core limbs. The core diameter of each limb is 560 mm with a window height of 1520 mm. The yokes have a cross section area which is same as that of the core limbs. Fig. 2 shows the volume and surface meshes created to represent the transformer, depicting the core, frame, tank and the six transformer windings. These windings are not meshed because their effects are directly accounted for from Biot-Savart's formula [see (24)] to obtain , which, in turn, is the forcing excitation of Poisson's equation in (24).
A. Determination of Short-Circuit Impedances: Single-Phase Simulations
The calculation of the numerical entries of the matrix of (1) requires two simulations/tests with all the secondary windings short-circuited and just one primary winding excited as shown in Fig. 3 , for instance, for phase A. Notice that the Phase C simulation is not presented here because it supplies exactly the same information given by the Phase A simulation (the transformer geometry is symmetric with respect to the middle leg).
Figs. 4-7 show flux and loss-distribution plots for the Phase A and B simulations, respectively. The short-circuit condition of the inner windings is immediately seen by the nearly zero flux Table II shows the short-circuit currents supplied by the impedance voltage source. Interestingly, it can be observed that the currents are nearly equal for the outer and middle excited cases. This result indicates that the effective impedances seen by the voltage source during the single-phase short circuit simulations are nearly equal for the middle and outer legs, a result that is confirmed with the complex values of these impedances: and , (see Table III which gives the short-circuit impedances of calculated with (4) using the complex values of Tables I and II). Table IV shows the numerical short-circuit admittances of (6) calculated with (8) . Table V shows the induced currents in the short-circuited inner windings for the two short-circuit cases. It is to be noted that in the case where winding A is excited, on account of short circuit, the effective (very high) reluctances offered by the phases b and c are almost same, leading to almost equal fluxes to be repelled from the core paths of phases b and c. Thus, the currents and are nearly equal. The slightly larger value of is a result of a larger part of leakage flux from winding A linking winding b as compared to winding c (owing to proximity). Furthermore, this also explains the larger value of induced voltage in winding   TABLE V  FE CALCULATED WINDING CURRENTS: INNER WINDINGS   TABLE VI  FE CALCULATED INPUT POWER AND STRAY LOSSES   TABLE VII  CURRENTS AND POWERS: THREE-PHASE LOAD LOSS TEST B as compared to winding C in Table I . The above reasoning can also be applied to the case where winding B is excited to explain the very nearly equal currents and in Table V . The input powers and stray loss calculated by FE analysis are reported in Table VI . However, stray loss is not the primary reason for the asymmetry phenomenon as explained in [3] . The higher percentage of stray losses is due to expelled flux on account of the short-circuited windings and unbalanced condition (in the three phase case some flux cancellation occurs in structural parts due to balanced three-phase excitation).
B. Three-Phase Load-Loss Test
The short-circuit impedances can now be used to determine currents and powers produced during the three-phase load loss test using (6) and (11) . The numerical results are shown in Table VII when the supplied voltages to the outer windings in (1) are , and . These results completely comply with those reported in [3] which were calculated using a different network approach (open-circuit simulations and a six-port impedance network) and a 3-D circuit-field FE simulation of the load-loss test.
It can be observed that Theorems 1 and 2 are verified: and . The asymmetry phenomenon is very strong for power readings and very less pronounced for current readings as normally found in actual tests.
VI. CONCLUSION
The asymmetry phenomenon observed during the load loss test has been mathematically formalized. The main results have been summarized in two theorems that have been formally proved. An equivalent three-port impedance network was analytically established to make the mathematical problem tractable. Closed-form expressions were determined, giving a clear understanding of the influence that each parameter has on the asymmetry readings observed during the test. The hypotheses, used to state the main results, were kept to a minimum and based on transformer principles, without losing generality. In fact, these results, together with experimental and numerical results, should provide a general framework for the better understanding of the asymmetry phenomenon in transformers.
Although the phenomenon has been known in industry, its explanation was mainly ascribed to the asymmetry in stray losses, a fact that is only marginally true. More recently, it has been elaborately explained that the main contributing factor is the asymmetry of electromagnetic couplings between the phases. However, the results were not generalized and the mathematical formulation presented here fills this gap. A 3-D FE model of a medium power transformer has been used to analyze the asymmetry phenomenon. The short-circuit parameters calculated should help the reader to better understand the generality of the hypotheses and closed-form expressions stated in this work. Finally, it is worth stating that the short-circuit impedance calculation presented in this work can also be verified with actual tests.
